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This document describes the details of the computation of the mul-
tiple scattering component.

Let us assume that a viewing ray through a pixel intersects with the
cloud volume at x and y, and the direction from x to the viewpoint
is �ω. We now formulate the intensity of light through point x in
direction �ω. We only consider the intensity due to scattering. Then,
L(x, �ω) is expressed by:

L(x, �ω) =

∫ y

x

βσtρ(x
′)τ(x,x′)Lsca(x

′, �ω)dx′, (1)

where β and σt are the albedo and the extinction cross section of the
clouds particles, respectively. ρ(x′) is the number density of cloud
particles at x′ and τ(x,x′) is the attenuation of light between x and
x′ given by:

τ(x,x′) = exp(−
∫ x′

x

σtρ(x
′′)dx′′). (2)

Lsca(x
′, �ω) is expressed by:

Lsca(x
′, �ω) =

∫
Ω

p(�ω · �ω′)L(x′, �ω′)d�ω′, (3)

where Ω represents a set of directions on a unit sphere and p is the
phase function.

We use a path tracing method for computing L(x, �ω). That is,
L(x, �ω) is estimated as the average of a random variable L̄(x, �ω),
that is,

L(x, �ω) = E[L̄(x, �ω)]. (4)

The average of L̄ is evaluated by constructing many light paths. A
light path is constructed in the following way. First, the location of
a scattering event x′ is determined by using a random number obey-
ing the following probabilistic density function [Yue et al. 2010]:

Pfp(x
′) = σtρ(x

′)τ(x,x′). (5)

If x′ is outside the cloud volume, the path is discarded. Otherwise,
the random variable L̄ is evaluated by:

L̄(x, �ω) = βσtρ(x
′)τ(x′,x)Lsca(x

′, �ω)/Pfp(x,x
′)

= βLsca(x
′, �ω) (6)

Lsca is estimated in a similar way as the average of a random vari-
able L̄sca. That is,

Lsca(x
′, �ω) = E[L̄sca(x

′, �ω)]. (7)

To evaluate the average of L̄sca, the scattering direction �ω′ is de-
termined using a random number obeying the probabilistic den-
sity function Pdir . Since the phase function is represented by the
Henyey-Greenstein function, we can realize the importance sam-
pling by using the function for Pdir . That is,

Pdir(�ω
′) = p(�ω · �ω′). (8)

L̄sca is then computed by:

L̄sca(x
′, �ω) =

p(�ω · �ω′)
Pdir(�ω′)

L(x′, �ω′) = L(x′, �ω′). (9)

L(x′, �ω′) is evaluated recursively in the same way .

Our method computes the multiple scattering component based on
the above formulation. However, in order to compute the multiple
scattering within a practical computation time, the contribution of
the sunlight directly reaching each scattering location is addition-
ally taken into account. We assume that the sun is a point light
source located at infinite distance. To evaluate the contribution of
the direct sunlight, a point between each scattering location and the
sun is randomly chosen using Eq. 5. If the point is outside the cloud
volume, the contribution of the direct sunlight is accumulated.

The contribution of a single light path, Δl, is then computed by the
following algorithm consisting of nine steps.

1. k = 0, Δl = 0, Δtmp = 1.

2. Determine the location of a scattering event, x′, using Eq. 5.

3. If x′ is outside the cloud volume and k = 0, then accumulate
the contribution of the direct sunlight by:

Δl = Lsun × p(θsun),

where Lsun is the intensity of the sun and θsun is the phase
angle for the sun direction.

4. If x′ is outside the cloud volume and k > 0, then terminate
the path construction. Otherwise, proceed to the following
steps.

5. Δtmp = β ×Δtmp

6. Generate point x′′ randomly between x′ and the sun using the
probabilistic density function in Eq. 5.

7. If x′′ is outside the cloud volume, accumulate the contribution
of the direct sunlight by:

Δl = Δl +Δtmp × Lsun × p(θsun),

8. Determine the scattering direction using Eq. 8.

9. If k is smaller than the user-specified number nm, increment
k by one and go to Step 3. Otherwise, terminate the path
construction.

By computing the average of the contributions of many light paths
using the above algorithm, the intensity of the pixel is obtained.

In our precomputation, β and Lsun are assumed to be unity and the
contribution for each scattering order k is separately stored.
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